Abstract Let G(n, k) be the set of connected graphs of order n with one of the Laplacian eigenvalue having multiplicity k. It is well known that G(n, n − 1) = {K n }. The graphs of G(n, n−2) are determined by Das, and the graphs of G(n, n−3) with four distinct Laplacian eigenvalues are determined by Mohammadian et al. In this paper, we determine the graphs of G(n, n − 3) with three distinct Laplacian eigenvalues, and then the full characterization of the graphs in G(n, n − 3) is completed.
Introduction
Let G be a undirected simple graph on n vertices with vertex set V = {v 1 , v 2 , . . . , v n }. 
G). A graph G is called DLS if H G for any graph H with Spec L (H) = Spec L (G). Throughout this paper, we denote the multiplicity of L-eigenvalue µ by m(µ), and the diameter of G by d(G).
Since the connected graph with a few of distinct eigenvalues possess nice combinatorial properties, it arouses a lot of interests for several matrices, such as the adjacency matrix [8] [9] [10] [11] , the Laplacian matrix [5] [6] [7] , the signless Laplacian matrix [13] and normalized Laplacian matrix [12] . We denote by G(n, k) the set of connected graphs of order n with one of the L-eigenvalue having multiplicity k. It is well known that G(n, n−1) = {K n }. Das [4] proved that G(n, n − 2) = {K n 2 , n 2 , K 1,n−1 , K n − e}, and Mohammadian and TayfehRezaie [6] gave a partial characterization for the graphs of G(n, n − 3). Motivated by their work, we will complete the characterization of the remaining graphs in G(n, n − 3). By the way, we show that all these graphs of G(n, n − 3) are DLS.
Preliminaries
The following result is given by Godsil.
be a n × m matrix, and let A be a n × n real symmetric matrix with eigenvalues
There are many pretty properties about Laplacian eigenvalues. 
It is well-known that A graph G is said to be a cograph if it contains no induced P 4 . There's a pretty result about cographs.
Lemma 2.3 ( [3]). Given a graph G, the following statements are equivalent: 1) G is a cograph. 2) The complement of any connected subgraph of G with at least two vertices is disconnected. 3) Every connected induced subgraph of G has diameter less than or equal to 2.
3 Characterization of G(n, n − 3)
Recall that G(n, k) is the set of connected graphs with m(µ) = k for some L-eigenvalue µ. If k = n − 1, then G has exactly two distinct L-eigenvalues, and so G(n, n − 1) = {K n } by Lemma 2.1 (ii). If k = n − 2, then G has exactly three distinct L-eigenvalues, and Das [4] proved that
G has three or four distinct L-eigenvalues. In terms of the number and multiplicity of Laplacian eigenvalues, we can divide G(n, n − 3) into five classes:
Mohammadian and Tayfeh-Rezaie [6] determine the classes of graphs in G 3 (n, n − 3), G 4 (n, n − 3) and G 5 (n, n − 3), all of which we collect in the following theorem.
and the Laplacian spectra of it is
, K n−1 + e, G n,r } where G n,r is obtained from two copies of K r ∇(n − r)K 1 by joining the vertices of two independent sets (n − r)K 1 (shown in Fig. 1) . Furthermore, the Laplacian spectra of them are given by
+e, K 1,n−1 +e} and the Laplacian spectra of them are given by
For the complete characterization of G(n, n − 3), it remains to determine the graphs of G 1 (n, n − 3) and G 2 (n, n − 3). At first, we introduce a tool which will be used frequently. 
Proof. Let f (x) be the characteristic polynomial of L(G). As L(G) only contains integral entries, we obtain that f (x) is a monic polynomial with integral coefficients. Let p(x) be the minimal polynomial of α, then p(x) ∈ Z[x] is irreducible in Q[x] and (p(x))
n−m | f (x). We assume that p(x) is a polynomial of degree at least 2. Therefore, p(x) has another root β 0, which is also a Laplacian eigenvalue of G with multiplicity n − m. It follows that 2(n − m) ≤ n − 1, which implies n ≤ 2m − 1, a contradiction. Thus, we have p(x) = x − α and the result follows. Fig. 2) can be an induced subgraph of G.
Proof. By way of contradiction. Suppose that G has J i as an induced subgraph and N i the principal submatrix of L(G) corresponding to J i , for i = 1, 2, 3. Let α be the Laplacian eigenvalue of G with multiplicity n − 3. Then, by Lemma 3.1, α is an eigenvalue of N i with m(α) ≥ 2, and there exists an eigenvector z of N i with respect to α such that z k = 0 for k ∈ {1, · · · , 5}, and
First, suppose that J 1 = C 5 is an induced subgraph of G and N 1 is given by
From the first entry of N 1 x = αx, we have x 2 + x 5 = 0. Therefore, we have x 3 + x 4 = 0. If one of x 2 and x 5 equals zero, then x 2 = x 5 = 0. Considering the second entry of both sides of N 1 x = αx, we get that x 3 = 0, and so x 4 = 0. It leads to that x = 0, a contradiction. If one of x 3 and x 4 equals zero, then x 3 = x 4 = 0, consider the third entry of both sides of N 1 x = αx and we get that x 2 = 0, and so x 5 = 0. It leads to that x = 0, a contradiction. Thus x 2 , x 3 , x 4 , x 5 0. Without loss of generality, we may assume that x = (0, 1, a, −a, −1) T . Consider the fourth and the fifth entries of both sides of N 1 x = αx, we have
Since m(α) = n − 3 and n ≥ 6, we get that α is integral by Lemma 3.2. Then a and 
It follows that d 4 = d 5 , which contradicts to (4) .
Second, assume that J 2 is an induced subgraph of G and N 2 is given by
By Lemma 3.1, there exists an eigenvector x = (x 1 , x 2 , x 3 , x 4 , 0) T satisfying x 1 + x 2 + x 3 + x 4 = 0 such that N 2 x = αx. From the fifth entry of N 2 x = αx, we have x 1 + x 2 + x 4 = 0, which implies that x 3 = 0. Then from the third entry of N 2 x = αx, we get x 2 + x 4 = 0, which implies that x 1 = 0, and then from the first entry we have x 2 = 0. Thus, x 4 = 0 and hence x = 0, a contradiction.
Finally, assume that J 3 is an induced subgraph of G and N 3 is given by
By Lemma 3.1, there exists an eigenvector x = (x 1 , x 2 , 0, x 4 , x 5 ) T satisfying x 1 + x 2 + x 4 + x 5 = 0 such that N 3 x = αx. Consider the third, the first and the fourth entries of both sides of N 3 x = αx succesively, we get that x = 0, a contradiction.
Lemma 3.4. Let G ∈ G(n, n − 3) with n ≥ 6. If G G n,r (shown in Fig. 1) , thenḠ is disconnected.
